We examine the ground state properties of the s = 
(1) (s α n = 1 2 σ α n , σ α n are the Pauli matrices attached to the site n, Ω is the on-site transverse field, 2I is the exchange interaction between neighbouring spins) is known to be the simplest system exhibiting a quantum phase transition.
For positive Ω the system exhibits a zero temperature transition from the ordered (quantum Ising) phase (for Ω < Ω c ) to the disordered (quantum paramagnetic) phase (for Ω > Ω c ) at a critical point Ω c = |I| [2] . Recently several authors (see, e.g., Refs. [7, 8, 9, 10, 11, 12, 13, 14] ) have addressed the question, how deviations from the pure uniform crystalline system (e.g., disorder, aperiodically or regularly varying parameters) influence the properties of quantum spin systems. In what follows we study this question for the transverse Ising model with fields and interactions which vary regularly from site to site with a finite period p, i.e., we change in (1) Ω → Ω n , I → I n and the sequence of parameters along the chain is
we examine the influence of the so-defined regular inhomogeneity on the existence and the nature of the quantum phase transition. In order to study the properties of the regularly alternating transverse Ising chain we use i) exact analytical results for thermodynamic quantities obtained by means of continued fractions [15] , ii) exact analytical results for the GS wave function for special parameter values, iii) exact numerical data for long chains of up to N = 900 spins [16] , and iv) exact diagonalization data for short chains of N = 20 spins.
As described in [15] the thermodynamic quantities of the regularly alternating transverse Ising chain can be calculated rigorously for any finite period of inhomogeneity p. After using the Jordan-Wigner fermionization the transverse Ising chain is described by noninteracting spinless fermions with the Hamiltonian
and the distribution of the square of energy of the elementary excitations R(
k can be found exactly by means of continued fractions. The resulting density of states has the form
where
j=1 E 2 − a j are polynomials of (p − 1)th and (2p)th orders, respectively, and the a j ≥ 0 are the roots of
2 (for details of calculation see [15] ). R(E 2 ) permits to obtain the energy gap ∆ for the spin model, since the smallest root of A 2p (E 2 ) yields the squared minimal excitation energy of the spin system. Knowing R(E 2 ) we immediately get all GS quantities which follow from the GS energy per site
. Assuming that Ω n = Ω + ∆Ω n we obtain the GS transverse magnetization m z = Let us discuss the effects of regular alternation on the existence, the position and the critical properties of the quantum phase transition in the transverse Ising chain in more detail. For a certain set of parameters we identify the points of quantum phase transition by looking for vanishing excitation gap ∆. As mentioned above ∆ is determined by the smallest root of A 2p (E 2 ) and therefore the location of a quantum phase transition is determined by A 2p (0) = 0. For period p = 2 the corresponding condition A 4 (0) = 0 yields
It should be mentioned that a condition for closing of the excitation gap for an inhomogeneous transverse Ising chain was already reported in Ref. [17] . Eq. (3) agrees with that result for the regularly alternating chain of period 2. In what follows we consider as an example a chain with Ω 1,2 = Ω ± ∆Ω, ∆Ω ≥ 0. We find either two
. This is illustrated in Figs. 1a, 1d where the gap ∆ in dependence on Ω (dotted curves) for the chains with |I 1 | = |I 2 | = 1 and ∆Ω = 0.5 ( Fig. 1a) and ∆Ω = 1.5 ( Fig. 1d) is shown. Thus, in case of small strength of transverse-field inhomogeneity ∆Ω only quantitative deviations from the homogeneous case may be expected. Contrary, strong inhomogeneity ∆Ω increases the number of quantum phase transitions [19] . Using the explicit expression for A 4 (E 2 ) we find that the smallest root a j decays as Fig. 1a) and ∆Ω = 1.5 (Fig. 1d) . We emphasize, that the quantum phase transition is not suppressed by the deviation of the uniformity in kind of a regular alternation of bonds and fields. Even the appearance of additional transitions due to field alternation is possible.
In addition to the exact results for thermodynamic quantities we can obtain exact expressions for the GS |GS of the considered chain at special values of Ω. Obviously, we have |GS = n | ↑ n (|GS = n | ↓ n ) for
for Ω = ∆Ω = 0 (we have assumed the ferromagnetic sign of the exchange interactions). Nontrivial but solvable is the case Ω = ∓∆Ω, i.e., Ω 1 = 0, Ω 2 = −2∆Ω or Ω 1 = 2∆Ω, Ω 2 = 0.
Supposing I 1 I 2 > 0 the GS for Ω n = 0, Ω n+1 = −2∆Ω is given by 
To obtain (4) 
For Ω = ∆Ω the correlation functions are given by (5) with the change n → n − 1.
Now we discuss the exact numerical results for finite chains presented in Fig. 1 and Fig. 2 Finally, the low-temperature dependence of the specific heat c at different Ω (≥ 0) obtained from the exact analytical expression for the free energy (see above) confirms the existence of either two phase transitions (Fig.   3a) or four phase transitions (Fig. 3b ) depending on the relationship between ∆Ω and |I 1 I 2 |. At the quantum phase transition points the spin chain becomes gapless and c depends linearly on T . The ridges seen in Figs. 3a, 3b (which correspond to maxima in the dependence c vs. Ω as T varies) single out the boundaries of quantum critical regions [2] . These boundaries correspond to a relation ∆ ∼ kT that can be checked by comparison with the data for ∆ vs. Ω reported in Figs. 1a, 1d . As can be seen from Fig. 3 the c(T ) behaviour for Ω slightly above or below Ω c changes crossing the boundaries of quantum critical regions. Furthermore we notice that for ∆Ω = 1.5 an additional low-temperature peak appears in c(T ).
To end up, let us turn to a chain of period 3 for which the analytical and numerical calculations presented above can be repeated. The quantum phase transition points follow from the condition A 6 (0) = 0, i.e., Ω 1 Ω 2 Ω 3 = ±I 1 I 2 I 3 .
Depending on the parameters either two, four, or six quantum phase transitions are possible. This behaviour is illustrated in Fig. 4 for a chain of period 3 with
To summarize, we present exact results for the thermodynamics of a regularly alternating s = 
In general, the condition (3) may be tuned by some parameter(s) influencing the local fields or/and exchange interactions. 
